In this paper, we introduce the L p -mixed mean zonoid of convex bodies K and L, and we prove some important properties for the L p -mixed mean zonoid, such as monotonicity, GL(n) covariance, and so on. We also establish new affine isoperimetric inequalities for the L p -mixed mean zonoid.
Introduction
Let K n denote the set of convex bodies (compact, convex subsets with nonempty interiors)
in Euclidean space R n . For the set of convex bodies containing the origin in their interiors, we write K where μ is some positive, even Borel measure on S n- and x, y denotes the standard inner product of vectors x and y in R n .
For K ∈ K n , the mean zonoid,ZK , was defined by Zhang [] hZ K (u) =  V (K)  K K u, (x -y) dx dy for all u ∈ S n- , (.)
where V (K) is the volume of the body K . Further, Zhang [] proved the affine isoperimetric inequality V (ZK) ≥ V (ZB K ), where B K is the n-ball with the same volume as K .
For each convex subset in R n , it is well known that there is a unique ellipsoid with the following property: The moment of inertia of the ellipsoid and the moment of inertia of the convex set are the same about every -dimensional subspace of R n . This ellipsoid is called the ellipsoid of inertia  K (also called the Legendre ellipsoid) of the convex set. Namely, between the convex body K and the ellipsoid of inertia  K we have
The Legendre ellipsoid and its polar (the Binet ellipsoid) are well-known concepts from classical mechanics. See [-] for historical references. A non-negative finite Borel measure μ on the unit sphere S n- is said to be isotropic if it has the same moment of inertia about all lines through the origin or, equivalently, if, for all x ∈ R n ,
where | · | denotes the standard Euclidean norm on R n .
Based on the background of mechanics properties, the notion of L p -zonoids was given by Schneider and Weil [] . For p ≥ , an L p -zonoid was defined by
where μ is some positive, even Borel measure on S n- . We also refer to [, ].
Xi, Guo and Leng [] considered an extension for a class of bodiesZ p K named L p -mean zonoids as follows:
For p = , the bodyZK is the mean zonoid of K []. Xi et al. also showed thatZ p K is an L p -zonoid, and established the following affine isoperimetric inequality: For K ∈ K n and p ≥ ,
with equality if and only if K is an ellipsoid. Here C n,p is a constant depending on p and the dimension n.
The main purpose of this paper is to introduce the notion of L p -mixed mean zonoids, which extends the L p -mean zonoids by Xi, Guo and Leng [] .
Notice that when K = L, (.) is defined by Xi, Guo, and Leng in [] .
For the L p -mixed mean zonoids, our main result is to establish the more general affine inequality as follows.
with equality if and only if K = L is an ellipsoid.
If L = K , then the above inequality (.) reduces to the affine inequality (.). An immediate consequence of Theorem . is the following.
Notation and preliminaries
We refer to the books Gardner [] and Schneider [] for some terminologies and notations as regards convex bodies.
If ρ K is positive and continuous, then K will be called a star body (about the origin), and S n denotes the set of star bodies in R n . We will use S n o to denote the subset of star bodies in S n containing the origin in their interiors. Two star bodies K and L are said to be dilates
with equality if and only if K and L are dilates.
For a star-shaped K and p ≥ , the L p -centroid body of K , p K is the origin-symmetric convex body with the support function
with equality if and only if
Proof From (.), (.), the Fubini theorem, (.), and (.), passing to spherical coordinates we have
Combining with (.), we havē
Proof By (.), (.), (.), (.), and (.), we have
The following property will be used to prove thatZ p :
, which is the desired result.
The following property will prove thatZ p :
Proof Combining (.) with the substitution x = Tx  , y = Ty  , we obtain
Proof of main result
If u ∈ S n- , then we denote by u ⊥ the (n -)-dimensional subspace orthogonal to u, by l u the line through o parallel to u, and by l u (x) the line through the point x parallel to u. We denote by K u the image of the orthogonal projection of K onto u ⊥ for a convex body K .
Let l u (K; y ) : K u → R and l u (K; y ) : K u → R for the overgraph and undergraph functions of K in the direction u; namely,
Thus, the overgraph and undergraph functions of the Steiner symmetrical S u of K ∈ K n in direction u are defined by
. Let the midpoint of the chord K ∩ l u (y ) be y + m y (u)u, note that l u (y ) is the line through y parallel to u, and let the length |K ∩ l u (y )| of this chord be σ y = σ y (u). For x = (x , s) ∈ R n- × R, we write
Equality in (.) or (.) implies that all of the chords of K and L parallel to u have midpoints that lie in a hyperplane, respectively.
Proof We only prove (.). Inequality (.) can be established in the same way. It follows from the definition of the L p -mixed mean zonoid that
Thus, combining with Minkowski's inequality we have
From the condition of inequality in Minkowski's inequality, we know that equality in (.) or (.) holds if and only if for λ ≥ , we have
We fix x , y . If change t  , t  in (.) with (x  , t  ) ∈ K, (y  , t  ) ∈ L, then the left of (.) will not change; thus we obtain λ = . Namely, equality in (.) or (.) implies all of the chords of K and L parallel to u have midpoints that lie in a hyperplane, respectively.
Proof Given u  ∈ S n- . Taking the Euclidean n-balls B  ⊆ K and B  ⊆ L such that x -y is not orthogonal to u  for all (x, y) ∈ B  × B  , then it follows from the continuity that the above result holds.
Proof of Theorem . It follows from the standard Steiner symmetrization argument that there exists a sequence of directions {u i } with the sequences of convex bodies {K i } and {L i }, defined by
and
By Property . and Lemma ., we have
From Lemma ., Lemma ., (.), and the definitions of B K and B L , we get
Since K and L are the ellipsoids, it follows from Property . that
is the identity. Thus we see that all of the chords of K and L parallel to u have midpoints that lie in a hyperplane, respectively, for all u ∈ S n- , namely, K and L are ellipsoids.
This implies
where 
The following formula is well known:
Together (.) with (.), it follows that 
It follows from the spherical polar coordinates, (.), the Fubini theorem, and (.) that 
Exchange the order of K and L, then
On the other hand, from inequality (.), we have
with equality if and only if K = L is an ellipsoid. Taking (.) together with (.), it follows that
Together with the equality conditions of inequalities (.) and (.), we see with equality in (.) if and only if K = L is an ellipsoid.
